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We treat the horizons of charged, dilaton black extended objects as quantum
mechanical objects. We show that the S matrix for such an object can be written
in terms of a p-brane-like action. The requirements of unitarity of the S matrix and
positivity of the p-brane tension equivalent severely restrict the number of space-
time dimensions and the allowed values of the dilaton parameter a. Generally, black
objects transform at the extremal limit into p-branes.
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In Ref. [1] we analyzed the scattering of a massless, point-like particle from a charged,
dilatonic black hole [2], assuming the horizon can be regarded as a quantum mechanical
object. Following the approach of ’t Hooft [3], we showed that under rather general assump-
tions about quantum gravitodynamics, the S matrix can be written in terms of a “string-like”
action with an imaginary string tension depending upon the dilaton parameter a. For two
values of a (a =
√
3/5,
√
7) the string tension becomes positive real beyond the extremal
limit (coincidence of the inner and outer horizons), and black holes undergo a transition
to strings in the region where, classically, they would be naked singularities. We proposed
this as a new way of implementing the “cosmic censorship” hypothesis and speculated that
such transitions could explain the observed extragalactic gamma ray bursts, the gamma rays
being the massless excitations of the strings produced at the end point of the gravitational
collapse.
In this paper we extend the work of Ref. [1] to higher dimensions by considering black
extended objects. Horowitz and Strominger [4] have obtained the metrics for charged black
(10-D)-brane solutions of the field equations which extremize the 10-dimensional action
S =
1
16pi
∫
d10x
√−g[e−2Φ[R + 4(∂Φ)2]− 2 e
2µΦ
(D − 2)!F
2] , (1)
where Φ is the dilaton field, R is the scalar curvature of the 10-dimensional space-time, and
the field Fµ1...µD−2 is a (D-2)-form satisfying dF = 0. The metrics for these black p-branes
were obtained by requiring rotational and translational symmetry in (10-D) dimensions and
then substituting a general ten-dimensional metric with these symmetries into Eq.(1) to
obtain an effective D-dimensional action. The goal of finding black (10-D)-brane solutions of
Eq.(1) is thus achieved by finding black hole solutions to the D-dimensional action. Gibbons
and Maeda [5] have obtained the black hole solutions for such an action. The most general
line element associated with static, spherically symmetric solutions to the D-dimensional
equations of motion which are asymptotically flat and have a regular horizon is of the form
ds2 = −λ2dt2 + λ−2drˆ2 +R2dΩ2D−2, (2)
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where λ and R depend only on rˆ and dΩ2D−2 is the line element on the unit (D-2)-sphere. rˆ
is related to the usual radius coordinate by rD−4dr = RD−4drˆ, λ2 is given by
λ2 = [1− (r+
r
)D−3] [1− (r−
r
)D−3]1−γ(D−3) , (3)
and R2 is given by
R2 = r2 [1− (r−/r)b]γ , (4)
with b = D − 3. The exponent γ is given by
γ =
2 a2(D − 2)
(D − 3)[2(D − 3) + a2(D − 2)] , (5)
with
a = [4µ2 + 2µ(7−D) + 2 D − 1
(D − 2)]
1/2 . (6)
The parameters r− and r+ are respectively the inner and outer radii of the horizons of a
charged black hole. They are related to the mass M and charge Q by
M =
1
2
[1− (D − 3)γ]rD−3
−
+ rD−3+
Q = [
γ (D − 3)3 (r+r−)D−3
2a2
]1/2 . (7)
To calculate the phase shift of a massless particle scattering from an extended black
object we follow the procedure of Ref. [6]. The metric of space-time surrounding such an
object with a massless particle falling in from spherical angle Ω′ can be represented by gluing
together two solutions of Einstein’s field equations. The gluing is done after a nonconstant
shift of one of the Kruskal coordinates,
δv(Ω) = pinf(Ω,Ω
′) (8)
along the null surface defined by setting the other Kruskal coordinate to zero (u = 0). The
incident particle’s momentum, pin, is measured with respect to the Kruskal coordinates and
the Green function f satisfies the equation, at u = 0,
3
Ag
∆f − g,uv
g
f = 32pi A2 δ2(Ω,Ω′)|u=0 , (9)
where ∆ is the angular Laplacian in D-2 dimensions. The Kruskal coordinates are chosen
such that the metric is of the form
dsˆ = 2 A(u, v)dudv + g(u, v) dΩ2D−2 . (10)
The conditions for the matching of the two solutions to the field equations after the shifting
are
A,v|u=0 = g,v|u=0 = 0 . (11)
The forms for A(u, v) and g(u, v) are determined by obtaining the transformations from the
(rˆ, t) coordinates to the Kruskal coordinates (u, v). This is accomplished by defining the
“tortoise” coordinate ξ as,
ξ =
∫ drˆ
λ2
(12)
with λ2 being given by Eq.(3). The Kruskal coordinates are obtained as in, for example,
Ref. [7]. The form of the Kruskal coordinates is the same as in the D = 4 case,
u = eαξ eαt
(13)
v = −eαξ e−αt ,
where α is a constant whose value is determined by the matching conditions (Eq.(11)).
These expressions for u and v give for A(u, v) and g(u, v),
A(u, v) = −λ
2 e−2αξ
2 α2
(14)
g(u, v) = R2 .
The vanishing of A,v and g,v at u = 0 (r = r+) requires α to be,
4
α =
b
2 r+
(1 − (r−/r+)b)1−γ(D−2)/2 . (15)
The Green function f which determines the phase shift of the particle being scattered is
determined by multiplying through Eq.(9) by g and setting,
Γ =
g,uv
A
∣∣∣∣
u=0
=
b
2
(1− (r−/r+)b)[2 + γ b (r−/r+)b (1− (r−/r+)b)−1] . (16)
To simplify the equation determining f we take the “north pole” as the direction of incidence,
giving for f ,
∆f − Γf = −2 pi κ δ(θ), (17)
with
κ = −16 Ag|u=0 =
32 e−1 r4+
b2
[1− (r−/r+)b]2γ−1 , (18)
where the constant of integration has been chosen such that this expression for κ agrees
with that obtained for the Schwarzschild black hole (D = 4 and γ = 0).
The solution to Eq. (17) has the same form as in [1]. After expanding the δ-function in
spherical harmonics and determining the expansion coefficients, we find
f = κ
∑
l
l + 1
2
l(l + 1) + Γ
Pl(cos θ) , (19)
where Γ is as defined in Eq.(16) and Pl(cos θ) is the l-th order Legendre polynomial.
Having the function f we can calculate the scattering matrix [3,6],
< u(Ω) | v(Ω) >= N exp
(
i
∫
f−1(Ω,Ω′) v(Ω′) u(Ω)
)
, (20)
where N is a normalization constant and the propagator is given by
f−1 =
(Γ − ∆)
2pi κ
. (21)
Fourier transforming the S matrix to the momentum representation we find
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< pout(Ω) | pin(Ω) > = N ′
∫
Du(Ω)
∫
Dv(Ω)
× exp
[∫
dD−2Ω
(
i
2pi κ
(Γ u v + ∂Ωv∂Ωu) + iu pout − iv pin
)]
.
(22)
The “mass” term (Γ term), which is due to the curvature of the horizon, will be neglected
on the assumption that a patch can be chosen small enough that it is locally flat. To write
Eq.(22) as a covariant expression we introduce the coordinates
x0 = (v + u)/2 ; xD−1 = (v − u)/2 , (23)
where the metric x2 = x2 − x20 is used. In terms of these coordinates we can write Eq.(22)
as,
< pout(Ω) | pin(Ω) > = C
∫
Dxµ(σ) Dgab
× exp
[∫
dD−2σ
(−T
2
[
√
g gab ∂ax
µ ∂bx
µ + ixµ pµ(σ)]
)]
, (24)
where the integration dD−2σ is over variables which are orthogonal to the membrane coor-
dinates generated by x0 and xD−1. The string tension equivalent is given by
T =
i
pi κ
. (25)
The action term in Eq.(24) is of the Polyakov form except for the factor of i, which pre-
vents this S matrix element from satisfying unitarity. To overcome this difficulty we can
analytically continue to the region in parameter space where r− > r+ and require that the
exponent 2γ − 1 in Eq.(18) satisfy the condition
2γ − 1 = n
2
, n = odd , (26)
where γ is given in Eq.(5). The values of a2 are thus
a2 =
2(D − 3)2 (1 + n/2)
(D − 2)(7−D)− (D − 3)(D − 2) n/2 . (27)
If we require a to be real and the p-brane tension to be real and positive, then only D = 4, 5
are allowed. The values of a for D = 4 were determined in Ref. [1] to be a =
√
3/5,
√
7 for
6
n = 1, 5 respectively. For the D = 5 case only n = 1 is allowed, and the corresponding value
of the dilaton parameter is a = 2. For these values of a the constant, T , is real and positive,
and the action is that of a string theory for D = 4 and that of a membrane theory in D = 5.
If we allow T to be negative, then acceptable values of a are obtained for D = 4, 5, ..., 10.
For D > 5 however only n = −1 leads to acceptable values of a. For a string T is the energy
per unit length of the string. So a negative value of T does not seem to have any physical
meaning.
If we had carried through the curvature term in Eq.(22), we could have used the condition
Γ = 0, which gives the relation
(
r−
r+
)D−3
=
a2 (D − 2) + 2(D − 3)
2(D − 3) . (28)
From Eq.(7) we also have
(
r−
r+
)b
=
M2
δ2
[
1 +
√
1− 8a2 Q2δ2
γ b3 M2
[1− γ b]
]2
γ b3
8a2 Q2[1− γ b]2 , (29)
where we have used the definitions
b = D − 3 ,
δ =
(D − 2) pi(D−3)/2
8Γ(D−1
2
)
. (30)
Using Eqs.(28) and (29) we can obtain the ratio Q/M in terms of a and D for which the
curvature term vanishes.
As discussed in [1] the picture we obtain from the foregoing analysis is that the charged,
dilaton extended black objects avoid the classical naked singularity for the case r− > r+ by
undergoing a phase transition at the extremal point (r− = r+) and becoming p-branes for
the values of the dilaton parameter given above.
Our analysis shows that the results of Refs. [1,3] can be extended to the case of charged,
dilaton extended black objects. Using the constraints of unitarity and the positivity of
the string tension, we find that the only acceptable values of the dilaton parameter a are
a =
√
3/5,
√
7 for D = 4 and a = 2 for D = 5. Since D = 4, 5 are the only allowed
7
values of D, the only acceptable solutions to Eq.(1) are the black 6-brane and the black
5-brane, which undergo transitions into strings and membranes respectively at the extremal
limit. The conditions of unitarity of the S matrix and positivity of the p-brane tension put
surprisingly strong restrictions on the values of D and a. Furthermore duality in the dilaton
parameter as defined in Ref. [1] exists only in 4 dimensions.
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